Abstract. A Heilbronn type generalization of Gauss sums is studied. The Newton polygons of the L-functions of Gauss-Heilbronn sums are determined, generalizing the classical Stickelberger theorem. Applications to the Newton polygons of L-functions of Witt coverings are given.
Introduction
Let p be a prime, Z p the ring of p-adic integers, Q p the field of p-adic numbers, and Q p the algebraic closure of Q p . Let F p be the algebraic closure of the finite field F p , and ω : F p → Q p the Techmüller lifting. Let q = p a , χ a multiplicative character of F q into Q, and ψ a character of Z p [µ q−1 ] into Q of exact order p n > 1, where µ r is the set of r-th roots of unity in Q p . For simplicity, we assume that ψ = ψ 0 • Tr Qp(µ q−1 )/Qp , where ψ 0 is a character of Z p into Q of exact order p n . We are concerned with the exponential sum S(χ, ψ) := x∈Fq χ(x)ψ(ω(x)), where χ(0) is 1 if χ is trivial, and is 0 if χ is non-trivial. It is a Heilbronn sum if χ is trivial. And it becomes a classical Gauss sum if n = 1. So we call it a Gauss-Heilbronn sum. It gives rise to a sequence of Gauss-Heilbronn sums
)/Qp(µ q−1 ) ), k = 1, 2 · · · .
They are called the liftings of the Gauss-Heilbronn sum S(χ, ψ). These liftings are usually encoded into an L-function
The L-function L χ (t) coincides with an abelian Artin L-function of the rational function field F q (x). In fact, let (y 0 , · · · , y n−1 ) be a solution of the equation of Witt vectors Then the function field F q (x 1 q−1 )(y) := F q (x 1 q−1 )(y 0 , y 1 , · · · , y n−1 ) is an extension of the rational function field F q (x) with Galois group F × q ×Z/(p n ). It is easy to see that our L-function L χ (t) is just the Artin L-function corresponding to the character (χ, ψ 0 ) of the Galois group F × q ×Z/(p n ). So, by a well-known result of Weil [We] , L χ (t) is a polynomial whose reciprocal roots are of archimedean absolute value √ q. By a theorem of Li [Li] , L χ (t) is of degree p n−1 − χ(0).
We now fix an embedding of Q into Q p , and suppose that χ = ω −d (0 ≤ d < q − 1). Then we have
In this paper we shall prove the following theorem, which may be regarded as a generalization of the classical Stickelberger theorem.
The proof of that theorem is based on the p-adic method set up by Dwork [Dw] and developed by Monsky [Mo] , Adolphson-Sperber [AS] , and others. Using ideas of Wan [Wn] , that theorem finds important applications in the study of the 
The p-adic expression of the Gauss-Heilbronn sums
This section is essential a section of my joint paper with Wei [LW] . Since that paper is not yet published, I repeat it here for the convenience of the reader. Let
be the Artin-Hasse exponential series. We shall use it to produce roots of unity of p-power order.
Lemma 2.1 If l is a positive integer, and π is a root of
The lemma is proved. 
to the set of all primitive p l -th roots of unity in Q p .
Proof. The field generated over Q p by the set of roots of
is precisely Q p (µ p l ) since it contains Q p (µ p l ) by the preceding lemma, and is of degree no greater than
onto the set of all primitive p l -th roots of unity in Q p . It is a bijection as
by Weierstrass' Preparation Theorem.
Lemma 2.3 If k is a positive integer, and x
Proof. As
The lemma is proved.
Corollary 2.4 If π is a root of
, and
Guaranteed by Lemma 2.2, we now choose a root π of
such that E(π) = ψ 0 (1). The following proposition follows from Corollary 2.4. It gives the p-adic expression of the Gauss-Heilbronn sums.
Proposition 2.5 For k = 1, 2, · · · , we have
3 The p-adic trace formula
We shall relate the L-function L χ (t) to the characteristic polynomials of an operator (pF −1 ) a on p-adic spaces.
be the set of all strictly convergent series with coefficients in Z p [µ q−1 ], and write
Lemma 3.1 The maps
Note that
Then the trace of (F
So we have the following preliminary trace formula.
Then the preliminary trace formula takes the following form.
Proposition 3.2 For k = 1, 2, · · · , we have
we have
So we have the following lemma.
Lemma 3.3 We have
By that lemma, the maps
are well-defined. It is easy to check that the diagram
is commutative. So we have the induced maps
It is easy to check that D 0 , D 1 , · · · are injective. So we have the following cohomological trace formula.
Proposition 3.4 For k = 1, 2, · · · , we have
Equivalently,
The Newton polygon
We shall study the Newton polygon of L χ (t), and prove the main theorem.
is a well-defined ring homomorphism, whereā m the the residue class of a m modulo π. Writē B 1 = x χ(0)B dx x . We have an induced map mod π :
By Lemma 3.3, the diagram B
is commutative, whereD i maps g to dg + g(
So we get an exact sequence
is a F q -vector space with a basis represented by {x i dx x , χ(0) ≤ i ≤ p n−1 − 1}, we have the following lemma. 
Lemma 4.2 We have b
In the rest of this paper the sequence b m , m = 0, ±1, ±2, · · · , is determined by
and the sequence c m , m = 0, ±1, ±2, · · · , is determined by
That is,
Lemma 4.3 The matrices (a pi−j+d k ) χ(0)≤i,j≤m and (b pi−j+d k ) χ(0)≤i,j≤m have the same determinant.
We define the matrices (e
where u is the largest integer ≤ min{
and e (l+1) ij
So, denoting by s the integer such that
where u is an integer defined by m
Therefore we have the following proposition.
Proposition 4.4 Let s be an integer such that
From the above proposition and Lemma 4.2 and 4.3, we infer the following corollary.
From the above corollary and Proposition 3.4, we can infer the following corollary, which is equivalent to Theorem 1.1.
Corollary 4.6
The Newton polygon of L χ (t) coincides with the polygon with vertices at (0, 0) and the points
Applications
Let W n be the ring scheme of Witt vectors of length n over
). For i = 0, · · · , n − 1, we denote by λ i : A 1 → W n the embedding which maps A 1 onto the i-th axis of W n . Then there are uniquely determined I i ⊂ Z n and a iu ∈ F × q such that f = n−1
by ψ 0 and the fibre product over W n of W n F −1 → W n and T m f → W n , where F is the Frobenius morphism of W n . As an application of Theorem 1.1, we have the following proposition. 
The proposition now follows from Theorem 1.1.
We define the Newton polyhedron ∆ ∞ (f ) of f at infinity to be the convex hull of 
And the Hodge polygon of ∆ is defined to be the polygon with vertices at the points (0, 0) and
Note that the q-adic Newton polygon of the power series
] is the polygon with vertices at points (
where ord q is the q-order function of Q p such that ord q (q) = 1. The following proposition is a restatement of Proposition 5.1.
factor of p − 1 and i being a nonnegative integer ≤ n − 1. Then the q-adic Newton polygon of L f (t) coincides with the Hodge polygon of ∆ ∞ (f ). 
